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Abstract — This paper presents and discusses the conditions for 
zero electromagnetic scattering by electrically small particles. We 
consider the most general bi-anisotropic particles, characterized 
by four dyadic polarizabilities and study the case of uniaxially 
symmetric objects. Conditions for zero backward and forward 
scattering are found for a general uniaxial bi-anisotropic particle 
and specialized for all fundamental classes of bi-anisotropic par- 
ticles: omega, "moving", chiral, and Tellegen particles. Possibility 
for zero total scattering is also discussed for aforementioned cases. 
The scattering pattern and polarization of the scattered wave are 
also determined for each particle class. In particular, we analyze 
the interplay between different scattering mechanisms and show 
that in some cases it is possible to compensate scattering from a 
polarizable particle by appropriate magneto-electric coupling. 

Index Terms — Bi-anisotropic media; scattering 



I. Introduction 

EXAMPLES of finite-sized objects witii zero backscat- 
tering are known from tiie literature, a classical one 
being an object from an isotropic material with equal rel- 
ative constitutive parameters, /^j, = e,, and tt/2 rotational 
symmetry when observed from the incidence direction. [I], 
121 The formal condition for zero forward scattering in the 
case of a small isotropic sphere was found in |3j| and further 
discussed in H, Q. The last few years saw renewed interest 
in "invisible" objects in the context of the concept of cloaking 
(e.g., 161, Q, [si), where the objects produce, in the ideal 
case, zero total scattered power In papers on cloaking, the 
zero-scattering property is achieved either by using a mate- 
rial with such electromagnetic properties that the generated 
scattered wave interferes destructively with the wave scattered 
from the cloaked object (scattering-cancelation technique ||6l) 
or by using inhomogeneous distributions of materials with 
exotic electromagnetic properties to create a volume inside 
which the incident wave cannot penetrate (transformation- 
optics technique Q, ISl). Alternatively, mesh-like objects can 
also be cloaked by guiding the wave through the object via a 
transmission-line network (transmission-line cloaking [9l). 

Electromagnetic scattering from electrically small particles 
is determined by the lowest-order moments of induced current 
or polarization, the electric and magnetic dipole moments. 
If the particle material is an isotropic magnetodielectric, 
then the only possibility to achieve zero backscattering is 
basically the trivial case of equal relative parameters and 
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proper symmetry of the particle shape HI, Q. Similarly, 
the only possible solution for zero forward scattering by a 
small magnetodielectric sphere is the case found by Kerker 
13]: Er = (4 — /ir)/(2/i,- + 1), which in actuality corresponds 
only to greatly diminished, but not identically zero, forward 
scattering 131. However, electrically small particles can exhibit 
bi-anisotropic magneto-electric coupling (e.g., ITOl ). so that 
the electric moment of the particle is generated by both electric 
and magnetic incident fields (likewise, the magnetic moment 
is induced by both fields). We expect that bi-anisotropy of 
particles can offer more possibilities for controlling scattering, 
in particular, for realizing non-scattering objects. 

In this paper, we study zero-scattering conditions (in back 
and forward directions) for general bi-anisotropic particles, 
including both reciprocal and nonreciprocal polarizabilities 
and field-coupling mechanisms. We assume that the particles 
are electrically small, so that the dipole approximation is 
an appropriate model of the particle response and write the 
relations between the induced electric and magnetic dipole 
moments p and m in terms of four dyadic polarizabilities a: 



P — Qfee • Einc 
m = Sme • Einc 



H„ 



Q^em ■ -■■-■-mc 



(1) 

(2) 



Here, Einc and Hinc are the incident fields. In earlier studies, 
conditions for zero backscattering from isotropic chiral objects 
were found ifTTI . lT2l . |[T3l . In a recent paper fT?! zero- 
backscattering from bi-anisotropic objects was mentioned in 
the context of scattering from objects made from self-dual 
materials. It has been shown that in addition to the 7r/2 
rotational symmetry, self-dual nature of the bi-anisotropic 
filUng material is sufficient for zero backscattering. In terms 
of the particle polarizabilities, self-duality conditions lead to 
the requirements — ri^olee and aem = —cime, where 770 
is the free-space wave impedance ifTSl . As examples of self- 
dual objects, a so called DB sphere was studied in (TSl, and 
a D'B' sphere and cube in Iil4i . Furthermore, it was shown in 
|[T4l that the physical geometry of the object does not need to 
have the 7r/2 rotational symmetry, as long as the geometrical 
asymmetry is balanced by anisotropy of material response. 

In the following, the scattering properties of a general 
uniaxial bi-anisotropic particle are analyzed and the required 
conditions for achieving zero backscattering, zero forward 
scattering as well as zero total scattering (i.e., invisibility) 
are derived. The fundamental classes of uniaxial bi-anisotropic 
particles (omega, "moving", chiral, and Tellegen particles) are 
studied systematically, and the aforementioned zero scattering 
conditions for each particle class are derived. In our analysis. 
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the incident wave is assumed to be linearly polarized. This 
study is relevant to the design of absorbers, where the goal is 
to minimize reflection and/or transmission and to the design 
of cloaks and low-scattering small sensors, where the goal is 
to minimize the total scattering. 



II. Scattering from electrically small 

BI-ANISOTROPIC PARTICLES 

A. Polarizabilities and the scattering amplitude 

Scattered fields from a single electrically small bi- 
anisotropic scatterer illuminated by an incident plane wave can 
be analyzed based on the induced electric and magnetic dipole 
moments whose relations to the incident electromagnetic fields 
are defined by ([T) and Q. For a reciprocal particle, we have 

Eni: 



and for a lossless particle 



=T 



1^ 



and 



and 



=T 



me 7 



(3) 



(4) 



where T denotes the transpose operation and | is the Hermitian 
operator (transpose of the complex conjugate). However, as we 
want to study the scattering from a particle, we should include 
scattering loss in the consideration, even for a "lossless" 
particle (particle with no absorption losses). In the last case, 
the polarizability dyadics are governed by the following set of 
equations following from the law of energy conservation lfT6l : 



ImKOee - aem ' Ce 



k = 



67reo 



Im{(! 



k = 
-I, 



(5) 



(6) 



Re{(ae, 



Re{(a 



mm Q^me ' Q^ee ' '^em) ' Q^me 



■ ame) ■ aem ' anim} = 0' (7) 
W;'} ^ 0. (8) 



Here, k is the free-space wavenumber and / is the three- 
dimensional unit dyadic. In the limiting case of ideal planar 
particles when the fields along the axial direction do not 
interact with the particle, 2x2 dyadics can and should be 
used in ([S])-© in order to avoid singular dyadics. For a 
reciprocal particle, the last two equations are equivalent, and 
this is true also for all non-absorbing nonreciprocal uniaxial 
particles analyzed in this paper. It should be noted that due 
to the inclusion of scattering losses all the polarizabilities 
can be complex quantities whereas if the scattering losses 
are excluded for lossless particles, clee and Smm are always 
purely real while aem and cfme are purely imaginary for a 
reciprocal particle and purely real for a nonreciprocal particle 

with Sem = -a]„e- 

The scattered electric far field from electric and magnetic 
dipole moments (p and m) at the origin can be written as 

ma, E] 

p-jkr 



(9) 



where the radiation vector F,p„ reads 



Ur X (Ur X p) + Ur X 



Vo 



(10) 



Ur is unit vector in the scattering direction, 770 is the wave 
impedance of free space, and r is the radial distance from the 
origin. The normalized scattering pattern Fsca, norm for a given 
particle is given simply by Fsca/ niax{|Fsca|} as a function of 
the observation angles. Scattering directivity pattern, on the 
other hand, is defined as ratio of the power density the scatterer 
radiates in a given direction and the power density radiated by 
an ideal isotropic radiator radiating the same total power and 
is given by 



4ir Jo Jo 1-^ 



sea, norm 



where 9 and (p are the inclination and azimuthal angles of a 
spherical coordinate system, respectively. 

B. Zero scattering under plane-wave illumination: General 
conditions 

Zero scattering in a certain direction for a given configura- 
tion of exciting fields can be studied by demanding F^ca = 
in ( [Tol l and using the relation between the fields of the incident 
plane wave 



Hi, 



Einc — U X Einc, 



(12) 



1 

where u is the incidence direction. This leads to the condition 
= 1 = . 

X aee • Einc + U,. X — Qfem ' (u X Einc) 

H • Einc + ^Smni ' (u X Einc) = 0. (13) 

We can rewrite the term a • (u x Einc) as (a x u) ■ Einc, which 
allows us to write the condition in a convenient form: 

1 /= N 1 = 
(Ur X Qfee + Ur X (Ofem X U) H Ckme 

+ \ (Smm X u)) • Einc = 0. (14) 

For the condition of zero backscattering we demand u^ = — u 
and get 

- U X See - U X — "em X U + — Sme + ^^mm X U = 0. (15) 
'70 ?70 % 

To find the condition for zero forward scattering we demand 
in turn u^ = u and get 



1 

'70 



1 

'70 % 



III. Particles under study 

In this paper we study the zero-scattering conditions ( fTSb 
and (fTSI l when the scatterer is a uniaxial bi-anisotropic particle. 
The case of uniaxial (rotational) symmetry is chosen in view 
of having zero scattering for any polarization direction of the 
incident field. In view of potential applications in periodical 
arrays at normal incidence we concentrate on the effects of 
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polarizabilities in the transverse plane and do not include the 
axial polarizabilities in the analysis. In the most general bi- 
anisotropic case, the transverse polarizabilities in ^ and (|2]i 
take the forms 



Q^em,A 



c 



(23) 



See = "ee.S^t + aee,A>^t, 

Ctmm = Ckniin.sA + Ctmm,A<^t- 

Sem = Ckem.sA + Qfem.A'^t, 

Sme = Qfnie.sA + Qfme.A'^t, 



(17) 
(18) 
(19) 
(20) 



where S and A refer, respectively, to the symmetric and 
antisymmetric parts of the corresponding dyadics, /t is the 
transverse unit dyadic, that is, a dyadic of the form /t = 
/ — u^u^, Jt = X It is the vector-product operator, and 
is the unit vector along the particle axis. In addition 
to the general case, we will consider in detail the four 
canonical bi-anisotropic particles as classified in ifTSI . lITOl : 
omega, "moving", chiral, and Tellegen particles. Omega and 
chiral particles are, based on (O, reciprocal particles, whereas 
"moving" and Tellegen particles are nonreciprocal. These four 
types are distinguished from each other solely by the values of 
the symmetric and antisymmetric cross-coupUng polarizability 
components as shown in Table H] 

TABLE I 

Different types of uniaxial bi-anisotropic particles (o can be 
any complex number). 





aem,S 


aem.A 


Ome.S 


ame.A 


Omega particle 





a 





a 


"Moving" particle 





a 





—a 


Chiral particle 


a 





—a 





Tellegen particle 


a 





a 






A. General uniaxial particle 

First, let us consider the most general uniaxial bi-anisotropic 
particle by allowing all the polarizabilities, age, 'cimm, c5em 
and cTnie, to have both symmetric and antisymmetric parts as 
defined in 

1) Zero backscattering: In this general case, the zero 
backscattering condition ( fTSl ) reduces to 

-aee,s(u X 7t) - Q;ee,A(u X Jj) 

C^^em,S /"FN Q^em.A / ~F \ 
-(U X It X u) (U X Jt X u) 



?/0 

ame.S = 
J| 



ttme.A -J 
-•J I 



2— (^t ^ ") " 



— ^(Jtxu) = 0. (21) 

Vo ' Va 

By plugging a general directional vector u = sin 9 cos <f>Ua: + 
sin 9 sill (pUy + cos Ou^ ^ Au^ + Buy + Cuz into (l2Tl i. we can 
write a separate scalar equation for each of the nine dyadic 
components. It turns out that ( 1211 1 for non-axial incidence can 
be satisfied only for certain special cases, namely when we 
have 

aem,S = Q!me,S = ttee.A = Q!ram,A = 0, (22) 



7] r] C rf' 

Notably even in this case, zero backscattering can be achieved 
for only one angle of incidence with given polarizabilities, and 
for the incident direction orthogonal to the axis of the particle 
this is not possible at all. Also, it was assumed that particle is 
ideally uniaxial meaning that the polarizabiUty dyadics have 
no component along the particle axis (u^u^-component). If this 
component would be included, no solution could be found for 
obUque incidence. 

For the axial incidence {A ^ B = 0,C = ±1) using the 
identities x It = /t x = Jt, Uz x It x Uz = —It, and 
Uz x Jt X Uz = — Jt, the dyadic equation (|2TI ) reduces to two 
scalar equations: 

Q^mnijS , Q^em.A , '-^me,A 



T "ee.S ± 



±Q!ee.A T 



Q^mm,A 

vi 



Q!em,S 



VO 
ame.S 



0, 



0. 



(24) 
(25) 



Vo Vo 

Here, the top sign corresponds to the incident-wave prop- 
agation along +2:-direction and the bottom sign along ~z- 
direction. It can be seen that the symmetric parts of the cross- 
coupling polarizabilities are connected to the antisymmetric 
parts of the electric and magnetic polarizabilities and vice 
versa. This is easily understood by looking at the basic 
equations for the dipole moments ([T) and (|2]i as the electric 
and magnetic fields are orthogonal to each other in a plane 
wave and the antisymmetric dyadic Jt corresponds to a 90° 
counterclockwise rotation around the z-axis. 

In the simplest special case of isotropic reciprocal particles 
the above relations reduce to ^paee s ± = 0, which simply 
means that the electric and magnetic polarizabilities should 
be balanced in order to ensure the Huygens' relation between 
the induced moments. For bi-anisotropic reciprocal particles, 
we see from the first relation that an imbalance between 
these two polarizabilities can be compensated by properly 
choosing the omega coupling coefficient aem.A (or a,ne,A as 
we have aem.A = Qfme.A for omega particles). Basically, this 
tells us that the required balance between the induced electric 
and magnetic moments can be be achieved using the omega 
coupling effect instead or in addition to the magnetization 
induced by incident magnetic fields. This may be important 
and beneficial for applications, because the omega coupling 
effect is a first-order spatial dispersion effect, which is usually 
much stronger than the second-order magnetization effect. The 
second relation tells us that for reciprocal particles the zero 
backscattering property is independent of the chirality param- 
eter aem,S as we have aee.A = amm.A = and ttem.S = -ttme.S 

by definition. 

Non-reciprocal particles can have non-zero antisymmetric 
parts of electric and magnetic polarizabilities (e.g., magnetized 
ferrite spheres). For particles without bi-anisotropic coupling, 
the second relation tells that if the antisymmetric parts do 
not satisfy ±aee a T """'^ = 0, zero backscattering cannot be 
achieved. In particular, this is the case when only one of the 
polarizabilities exhibits non-reciprocity, but the other one is 
purely symmetric (as in the same example of a ferrite sphere). 
An important conclusion from this relation is that backscatter- 
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ing due to non-reciprocity in electric and/or magnetic response 
can be compensated by introducing magnetoelectric coupling 
of the Tellegen type (ckem.s = ame.s)- 



2) Zero forward scattering: Similarly, the conditions for 
zero forward scattering can be derived based on ( fTSI l. The 
condition for zero forward scattering with arbitrary incidence 
direction reads 

Q!ee,s(u X It) + Q;ee,A(u X Jt) 

-(U X /t X u) H (U X Jt X Uj 



??0 

ame,S= ame,A^ 
H Jt 



Vo 



' -(/t X u) H 2^{Ji X u) = 0. (26) 



Again, by plugging a general directional vector u = 
sin cos (pu^ + sin 6 sin 0u.y + cos 6x1^ = Avl^ + BUy + Cu^ 
into ( |26] l. conditions can be derived for zero forward scattering 
with non-axial incidence: 



Q!em,S = "me.S = Q^ecA = Q;nim,A 

Q^em,A ^ ^me.A 1 ^mm,S 
ttecS = C = 



0, (27) 

As with zero backscattering, only one angle of incidence can 
be covered with given polarizabilities and this solution is only 
vaUd for an ideally uniaxial particle. 



For the axial incidence, we get two scalar equations: 



± aee,S ± 



TttecA T 



^mm,S 



*^em,A '-*^me.A 



Vo 

Q!mm,A Ctem.S 



ame.S 



- 0, 



= 0, 



(29) 
(30) 



'70 '70 

where, again, the top sign corresponds to the incident-wave 
propagation along +z-direction and the bottom sign along 
— z-direction. Notably, these conditions greatly resemble the 
conditions for zero backscattering with the only difference 
being the signs of some of the components. 

In this case, an imbalance between the electric and magnetic 
polarizabilities (the first relation) can be compensated by 
magnetoelectric coupling coefficient of a moving-particle type 
(ttem.A = —ctme.A)- Forward scattering due to antisymmetric 
(non-reciprocal) parts of electric and magnetic polarizabilities 
can be compensated by making the particle chiral (i.e., intro- 
ducing magnetoelectric coupling of the type aem.s = — ame.s) 
and properly choosing the value of the chirality parameter 
(the second relation). In other words, non-reciprocal Faraday 
rotation in transmission can be compensated by reciprocal 
rotation due to the chirality of the particle. 



3) Zero total scattering: But what if we demand that both 
forward and backward scattering amplitudes are zero? By 
demanding all the equations (l24l i. ( l25l ). ( l29l ), and ( l30l l to be 
true, we get a set of four equations for the eight unknown 



polarizability components: 



aee.S 



± 



Vo 



amm,S = T'7oame,A, 
. aem,S 



aee,A = T- 



'70 



amm.A = ±'7oame,S, 



(31) 
(32) 
(33) 
(34) 



where the top sign corresponds to the incident-wave prop- 
agation along +z-direction and the bottom sign along —z- 
direction. By plugging (l3Tli-(l34l) into (O, it can be seen 
that these conditions hold not only for zero scattering in 
the forward and backward directions but actually for zero 
scattering in all directions. Actually, if (l3TI)-(l34b are satisfied, 
the induced dipole moments are equal to zero. This means 
that such particles are not excited by plane waves propagating 
axially with the particle axis in one direction (i.e., no electric 
nor magnetic dipole moments induced), but they show non- 
zero total scattering when the incident wave is propagating 
in the opposite direction. In fact, it can be seen that for the 
opposite axial propagation direction the zero backscattering 
condition is satisfied as long as we have Sem ~ cfme. On 
the other hand, if we have cJem — — cfme, the zero forward 
scattering condition is satisfied instead. 

As zero forward scattering property is governed by the 
optical theorem, the topic merits further investigation. Here, 
we will study passivity of zero forward scattering particles 
and clarify the physical meaning of the derived zero forward 
scattering conditions. The passivity of a particle can be studied 
by looking at the power spent by the incident wave for exciting 
the particle, which is given by |lT6l 



P = ^Rc[(jcjp) 



■Ei, 



jujm- H* 



(35) 



If the particle absorbs power (some of which may be re- 
radiated by the particle), we have P > and if it generates 
power (i.e., is active), we have P < 0. If we have P = 0, 
there is no power exchange between the incident wave and 
the particle. By plugging the dipole moments generated by a 
general bi-anisotropic particle when the zero forward scatter- 
ing conditions ( [29] l and (|30] | are satisfied into ( |35] ), passivity 
of the particle can be analyzed. 

Firstly, by using the definitions (fT7]i-(|20]i. equation ( [35] ) can 
be written as 

1 



P 



-uj\Ei„J Im 



^ee,S 



'^me,A 



^70 '7o ^70 

where the top sign corresponds to propagation along +z- 
direction and the bottom sign along — z-direction. If we now 
enforce the zero forward scattering conditions ( |29] | and ( l30b . 
we see that the power absorbed by the particle is identically 
zero for any values of the polarizabilities. Note that the 
induced dipole moments are not zero, except if also the 
backward scattering is zero. Therefore, there is seemingly no 
power interaction between the incident wave and the particle. 
As the particle takes no power from the incident field, it cannot 
re-radiate any power either Still, the particle is not necessarily 
invisible. This can be seen by looking at the power radiated 



(36) 
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by the particle IfT^ 

P= — — (^oP*-p + eom*-m). (37) 

liTTC 

For a passive particle, this power should be equal to the 
power spent by the incident power for exciting the particle. 
However, the radiated power is zero only if the induced dipole 
moments are both zero and this is only true if the zero total 
scattering conditions are satisfied. Therefore, in order to have 
exactly zero forward scattering with non-zero total scattering, 
the particle has to be active. As discussed in 13, this does not 
exclude possibilities for achieving greatly reduced (but still 
not exactly zero) forward scattering with non-zero backward 
and total scattering. Basically, this is achieved when the real 
part of (|29] | is zero and the imaginary part of ( l30l l is zero. 
Since the optical theorem is only valid for passive particles, 
the results presented in this paper are not in conflict with the 
optical theorem. 

In the following, we specify the general results for all 
fundamental classes of bi-anisotropic particles. 



B. Uniaxial omega particle and uniaxial moving particle 

For a uniaxial omega particle along the z-axis, the polariz- 
abilities have the form 



ttee = 

















that is, only the symmetric parts of clee and Umm and antisym- 
metric parts of Sem and Sme are non-zero. The omega particle 
is reciprocal, i.e., we have 

Sem = Sme = aJt- (39) 

Equations (|38] l hold also for a uniaxial "moving" particle 
(with the axis oriented along the z-axis), and it is, therefore, 
convenient to study these two classes together However, as a 
uniaxial "moving" particle is nonreciprocal, we must enforce, 
instead of (|39] |. the condition 

aem = -Sine = aJf (40) 

"Moving" is set here inside quotation marks as the "moving" 
particle is not a particle in motion, but a nonreciprocal particle 
at rest with the polarizabilities in this form. These quotation 
marks are dropped in the rest of the paper for simplicity of 
notations. 

1) Zero backscattering: Let us first consider backscattering 
from a single uniaxial omega or moving particle. As (l22l i and 
(|23] | are not satisfied, zero backscattering is not possible for 
oblique incidence for either particle. For the axial incidence 
(u ^ iu^), the zero backscattering condition ( l24b simplifies 

2 1 

- aee ± —a + ^amm = (41) 

■no Vo 



for an omega particle and to 

ttee = -T-amm, and arbitrary a (42) 

Vo 

for a moving particle. Here, the ± signs correspond to the 
opposite directions of the incident plane wave (u = ±Uz). 
The other zero backscattering condition dZSl l vanishes for both 
particles. As the scattering losses must be included according 
to ©-([SI), all the polarizabilities can be complex quantities 
even for a particle without absorption losses. Therefore, both 
equations can, at least in principle, be satisfied even if the 
absorption losses are excluded. However, if scattering and 
absorption losses are both excluded, dTTT i cannot be satisfied 
for a 7^ 0. It should be noted that the condition for moving 
particles holds also if the propagation direction is reversed 
despite of the inherent nonreciprocity of the particle. Also, as 
the self-duality conditions amm = vi^tee and Sem = — Sme 
as well as the 90° rotational symmetry condition with the 
axial incidence are both satisfied by definition for a moving 
particle, we can conclude that the general conditions for zero 
backscattering derived in |14| hold for the moving particle 
case. On the other hand, by definition these conditions are not 
satisfied for an omega particle, as we have cFem ~ oime, not 
(Jem = —cime- Howcvcr, in lfT4l in deriving the self-duality 
condition the particles were assumed to be lossless. If the 
losses were to be included in the derivation, our results would 
agree with the earlier results also for the omega particle. This 
makes sense as satisfying ( |4TI ) and ( |42] | for the corresponding 
particles results in the same induced electric and magnetic 
dipole moments in both cases. 

If we enforce the condition (|4TI) for an omega particle or 
(|42] | for a moving particle, the radiation vector for the axial 
incidence with an arbitrary radiation direction Ui reduces in 
both cases to 

Fscat = (ttee T a/770) [(u,- X It) ± Jt] • Ei„c (43) 

where the top sign corresponds to the incident wave prop- 
agation direction +Uz and the bottom sign to — u^. From 
this result, we can see that the scattered wave always has 
linear polarization for a linearly polarized incident wave. This 
means that the axial ratio of the scattered wave, defined here 
as the ratio of the lengths of the minor and major polarization 
axes, is zero. However, the polarization plane of the wave 
is rotated. The corresponding scattering directivity pattern is 
plotted in Fig. [T] for a plane wave propagating along —z- 
direction. It can be observed that the maximum directivity is in 
the forward direction and has the absolute value of 3. For the 
opposite incidence direction, the scattering pattern relative to 
the incidence direction is the same, i.e., the pattern is simply 
flipped with respect to the incidence direction. 

2) Zero forward scattering: Similarly, we can derive con- 
ditions for zero forward scattering for these two classes of 
uniaxial particles. Again, zero forward scattering at oblique 
incidence is not possible as ( |27] | and ( |28] ) are not satisfied. 
For the axial incidence with u = = iu^, the zero forward 
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Fig. 1. Scattering directivity pattern (absolute values) for an incident plane 
wave propagating along the — 2-direction exciting a moving particle with the 
polarizabilities satisfying aec = T-c«mm (or an omega particle with — dec — 

2 1 

-a+^a^„, = 0). 

scattering condition ( |29] l simplifies to 

ttee = — \cimm and arbitrary a (44) 
for an omega particle and 

2 1 

- Oee ± a nO^mm = (^5) 

for a moving particle. The other zero forward scattering 
condition ( l30l l vanishes for both particles. The condition 
for an omega particle cannot be realized, at least with a 
conventional passive uniaxial omega particle (realized, for 
example, as two orthogonal il-shaped pieces of metal wire), 
because the imaginary parts of both polarizabilities have the 
same sign. Interestingly, the relation between the electric and 
magnetic polarizabilities ( l44l i is the same condition that was 
derived for an electrically small isotropic magnetodielectric 
spherical particle in fS). In that paper, the condition is given 
as e,. = (4 — fir)/ {2 fir + !)• This reduces to our condition 
as the normalized electric and magnetic polarizabilities are 
aee = (fr " l)/(er + 2) and = {fir - l)/{fir + 2) for 
a small magnetodielectric spherical particle. Our result shows 
that this condition holds also for bi-anisotropic particles with 
omega coupling for arbitrary values of the coupling coefficient. 
As discussed above, the zero forward scattering conditions 
derived here can be satisfied only approximately with passive 
particles, in harmony with the optical theorem. 

Noticeably for a moving particle, we get different solutions 
for different incidence directions, similar to the omega particle 
case for zero backscattering. Again, the induced dipole mo- 
ments are the same for both particles when the corresponding 
zero forward scattering conditions are satisfied. The dipole 
moments are non-zero meaning that there still can exist 
scattering in other directions. 

If we enforce the zero forward scattering conditions ( l44l i for 
an omega particle or (l45T l for a moving particle, the radiation 



vector for the axial incidence (u = ±Ur) and an arbitrary 
scattering direction u,, has the form 

Fscat = (ttee T a/jyo) [(u,- X It) T Jt] ■ Einc. (46) 

It can be observed that this radiation vector has a form similar 
to ( |43] | with only the sign of the Jt-term changed. Therefore, 
the scattering directivity pattern is also the same as the one 
shown in Fig. [T] albeit flipped so that there is now no scattering 
in the forward direction. Also, the polarization of the scattered 
field is linear as before. 

3) Zero total scattering: In the case of the omega particle, 
the zero total scattering conditions (|3T])-(|34|) simplify to 

Qfee = ± a = o^mm (47) 

Vo Vo 

which, again, cannot be fulfilled with a conventional passive 
omega particle, since the imaginary parts of a^e and an™ of 
passive particles have the same sign and they cannot be zero 
if particles receive and scatter power In the case of a moving 
particle, we get 

1 1 

Q!ee = ± a = ^amm- (48) 

Vo % 

which can be in principle satisfied, giving zero induced dipole 
moments. It is interesting to note that these conditions are 
the same as the conditions for the "optimal" bi-anisotropic 
particles whose energy in a given external field is maximized 
or minimized ||T9l . Also, if we satisfy zero total scattering 
conditions WT\ or ( |48] l for one axial propagation direction, 
a plane wave propagating in the opposite direction scatters 
from the particle, but the forward scattering amplitude in the 
case of an omega particle or the backscattering amplitude in 
the case of a moving particle is zero, because the zero forward 
scattering condition, ( l44l i. or the zero backscattering condition, 
(l42l i. is satisfied for both propagation directions. As it was 
shown earlier that zero forward scattering with non-zero total 
scattering requires an active particle, this also implies that an 
invisible omega particle has to be active whereas an invisible 
moving particle does not have to be. 

C. Uniaxial chiral particle and uniaxial Tellegen particle 

Next, we consider uniaxial chiral particles and uniaxial 
Tellegen particles oriented along the z-axis, with the polar- 
izabilities of the form 



that is, only the symmetric parts of the general polarizability 
dyadics (fT7]i-(|20li are non-zero. Furthermore, we have 

aem = iSme = cdt, (50) 

where (+) corresponds to a Tellegen particle and (— ) to a 
chiral particle. 
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1) Zero backscattering: Based on (l24l i and ( [25] ). the zero 
backscattering condition for a chiral particle assuming axial 
incidence (u = ±u^) reads: 

aee — -^cimm and arbitrary a. (51) 

As the condition cfem = — as well as the rotational 
symmetry condition are satisfied by definition for the chiral 
particle, we can conclude that the result is in agreement 
with the earlier results of IHI, fHl. Also, as ^ and ^ 
are not satisfied, zero backscattering is only possible for the 
axial incidence. The radiation vector for the axial incidence 
(u = iu^) when the zero backscattering condition is satisfied 
has the form 

Fscat= [aee((u,.xT,)±7t)+— (-Tt±(u,.xJ,)]-E,„e. (52) 

In this case, the scattered wave excited by a linearly polarized 
plane wave is, in general case, elliptically polarized. The 
axial ratio of the scattered wave depends on the values of 
polarizabilities aee and a. Because the zero backscattering 
condition does not include the field coupling coefficient a, 
the axial ratio of the scattered field can be tuned by choosing 
the value of the chirality parameter. 

As ( l25T l has no solution for a Tellegen particle (except with 
a = 0), zero backscattering from a Tellegen particle excited 
by a linearly polarized plane wave is not possible. 

2) Zero forward scattering: Similarly, we can analyze 
conditions for zero forward scattering. In this case, equations 
(|29Tl-(l30l) reduce for a Tellegen particle to 

aee = — — T-amm and arbitrary a, (53) 

To 

which is the same condition that we got for omega particles. 
Again, as jZTl ) and ( [28] l are not satisfied for a Tellegen particle, 
zero forward scattering is only possible for the axial incidence. 
In the Tellegen particle case, the radiation vector for the 
axial incidence (u = iu^) when the zero forward scattering 
condition is satisfied has the form 

Fscat = [aee((u,. X It) T^t) + — (It ± (u,, X 1 ,)] ■ Einc- (54) 

m 

Once more, the scattering directivity pattern is the same 
as shown in Fig. [T] (in this case corresponding to a wave 
propagating along the +z-direction) and the scattered wave 
is elliptically polarized. Also in this case we note that the 
polarization can be tuned by adjusting the field coupling 
coefficient, because ( |53] ) holds independently of the value of 
a. As dSOl l has no solution for a chiral particle (except a = 0), 
zero forward scattering is not possible in this case. 

IV. Discussion and conclusions 

In this paper, scattering of a linearly polarized plane wave 
by small uniaxial bi-anisotropic particles has been studied. 
Firstly, the conditions for zero backward, forward, and total 
scattering conditions have been derived for a general uniax- 
ial bi-anisotropic particle with all the polarizability dyadics 
having both symmetric and antisymmetric components. Zero 
backscattering as well as zero forward scattering for oblique 



incidence was shown to be possible only for certain special 
cases under the assumption that the axial polarizabilities are 
zero. For the axial incidence, requiring zero backscattering 
or zero forward scattering lead in both cases to two inde- 
pendent equations: one between the antisymmetric parts of 
the self-coupling polarizabilities and symmetric parts of the 
cross-coupling polarizabilities and one between the symmetric 
parts of the self-coupling polarizabilities and antisymmetric 
parts of the cross-coupling polarizabilities. Having zero total 
scattering from a particle, i.e., making the particle invisible, 
for one axial incidence direction was shown to be possible by 
balancing the particle response in particular ways. Secondly, 
four special cases of the general uniaxial bi-anisotropic particle 
(omega, moving particle, chiral, and Tellegen particles) have 
been analyzed and discussed in detail. The results show 
that zero backscattering property can be achieved for the 
axial excitation of a chiral or moving particle as long as 
the condition aee ~ ^amm is satisfied. A more complex 
condition, not satisfied by a "conventional" omega particle, of 
— aee±;^a + 4yamm = whcrc ± corresponds to the opposite 
directions of the axially incident plane wave is required for an 
omega particle whereas zero backscattering is not possible for 
a Tellegen particle. The scattering pattern is the same in all 
the cases though the scattered wave has different polarizations. 
Zero forward scattering, on the other hand, can be achieved 
only for incident waves propagating along the particle axis 
with an omega or a Tellegen particle by fulfilling the condition 
aee = —-^ctmm or with a moving particle by fulfilling the 
condition — aee±;^a — ;p-amm = where ± again correspond 
to the opposite directions of the axially propagating incident 
plane wave. Zero forward scattering condition is not possible 
to satisfy for a chiral particle. Moreover, the zero forward 
scattering condition can only be satisfied exactly with an 
active particle. The scattering pattern is the same for all the 
cases, but the polarization of the scattered wave differs. Zero 
total scattering for one incident direction along the particle 
axis can be achieved for a moving particle by satisfying 
aee = il/'/oCk = l/??o'^mm or for an omega particle by 
satisfying age = il/r^oa = —l/rj^a^m where the top sign 
corresponds to the positive propagation direction. When the 
illuminating plane wave travels in the opposite direction, the 
particle does not scatter in the backward direction in the case 
of an omega particle or the forward direction in the case of a 
moving particle, but does scatter in all the other directions. 

The conditions for zero backscattering, zero forward scat- 
tering and zero total scattering when the scatterer is an omega 
particle, a moving particle, a chiral particle and a Tellegen 
particle are summarized in Table [III The axial ratio of the 
scattered wave when the corresponding scattering condition 
is met (the axial incidence with linear polarization) is also 
shown for each particle. Interestingly, we can see a kind of 
symmetry in the required conditions, as the conditions are 
the same for a chiral particle and a moving particle for zero 
backscattering as well as for an omega particle and a Tellegen 
particle for zero forward scattering. It should also be noted that 
all the results are in agreement with the zero backscattering 
conditions derived earlier in U], 111, 1(141 and with the optical 
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TABLE II 

Conditions for zero backscattering, zero forward scattering, and zero total scattering (if available) and the axial ratio of the 

scattered wave when the corresponding condition is met (axial incidence). the top sign corresponds to the incident wave 
propagating along the +z-direction and the bottom sign along — z-direction. the incident plane wave is linearly polarized. ar 
indicates the values of the axial ratio of the scattered field, where ar = corresponds to linear polarization. 





Chiral particle 


Omega particle 


Tellegen particle 


Moving particle 


55 CO 

TO 

o 

£i 

f? 
^ 

5' 

WP 


Q!ee = l/??o"mm 

-1<AR<1 


-aee ± + ^amm = 

Ai? = 




aee = l/?yo"mm 
Ai? = 


Zero forward 
scattering 




Qee = -l/?7o"mm 

AR = {) 


aee = -l/?7oQ^mm 
-1 < Ai? < 1 


— Qfee ± —a ^a,r,n, = 

AR = 


Zero to 
scatterii 




Q'ee = ±l/?yoQ! = -Ihlctmm 




aee = ±l/f7oa = l/?;oamm 




m. 1 


AR = {) 




yli? = 



theorem. 

Although practical realizations of some of these particles 
are well known, e.g., zero-backscattering chiral particle, the 
practical design and in some cases even the feasibility of 
the required particles are as of yet unknown. Conceptual 
discussions of possible structures exhibiting all the types of 
bi-anisotropic coupling can be found, e.g., in ifTOl . 
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